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Abstract
Many polyhedra (convex 3-polytopes) are known which occur as facets (3-faces) of convex 4-polytopes.
The purpose of this paper is to determine the combinatorial types of infinitely many more polyhedra with
this property. This is achieved by determining the facets of polar bicyclic polytopes.
c© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
A (convex) d-polytope is said to be isohedral if its symmetry group is transitive on its facets
((d − 1)-faces). It is said to be equifacetted if all its facets are of the same combinatorial
type. Clearly isohedral polytopes are equifacetted. The problem of determining whether a given
combinatorial type of (d − 1)-polytope can, or cannot, occur as the facet of an equifacetted d-
polytope has interested mathematicians for at least half a century. An early treatment of this
subject is given in [4] and the present paper may be regarded as extending some of the results
given there. More recently Schulte [5] has given a much more extensive treatment of the subject,
with many references to other relevant papers.
Here we confine ourselves to the case d = 4. Of course many combinatorial types of 3-
polytopes which occur as facets of equifacetted (or even isohedral) 4-polytopes are familiar.
Apart from the cube, tetrahedron (3-simplex), octahedron and pentagonal dodecahedron (all
of which occur as facets of regular 4-polytopes, see [2, Section 7.8]) it is easy to construct 4-
polytopes whose facets are triangular bipyramids, pentagonal bipyramids, or n-gonal prisms.
Slightly less familiar are the truncated tetrahedron and truncated cube, which are the facets of
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Fig. 1. (a) The truncated simplex and the truncated cube. (b) A 6-wedge and a 7-wedge (c) (i) A polyhedron of type
〈1, 1, 1〉. This is a cube with four truncated corners and is a facet of (B15,4)∗. (ii) A polyhedron of type 〈1, 1, 0〉. This
is a facet of (B11,3)
∗. (iii) A polyhedron of type 〈0, 1, 1, 0〉. This is a facet of (B13,5)∗. (iv) A polyhedron of type
〈0, 1, 1, 1, 0〉. This is a facet of (B21,8)∗. (v) A polyhedron of type 〈1, 1, 1, 1, 0〉. This is a facet of (B29,8)∗. (vi) A
polyhedron of type 〈0, 3, 4]. This is a facet of (B60,26)∗.
the 4-polytopes
and
in Coxeter’s graphical notation [2, Section 11.6]. These 3-polytopes are shown in Fig. 1(a).
However, there exist much less familiar, and more interesting, examples of such 3-polytopes,
and it is the purpose of this paper to describe some of these. As a starting point we consider
the cyclic polytopes. These are simplical but their duals (polars) are equifacetted, their facets
being n-wedges (see Fig. 1(b) where a 6-wedge and a 7-wedge are shown). This leads us to the
consideration of bicyclic 4-polytopes, discovered by Perles, and investigated by Smilanski and
others [1,6,7]. These are also simplical, but their duals (polars) are equifacetted. As a foretaste
of the results to be obtained, Fig. 1(c) shows a few combinatorial types of 3-polytopes that can
occur as facets of polar bicyclic 4-polytopes.
Perhaps the most remarkable aspect of our results is that the combinatorial types that arise
depend on number-theoretic quantities, namely the integers that occur in a Euclidean algorithm.
G.C. Shephard / European Journal of Combinatorics 29 (2008) 1945–1951 1947
Fig. 2. Diagrams illustrating the meaning of combinatorial symbols. (a) . . . , 2, 3, 1, 4, . . . (b) [2, 1, 3, . . . (c) 〈2, 3, 1, . . .
(d) 〈0, 2, 3, 1, . . . .
It seems mysterious why this is so, and we hope that someone will be able to provide a general
explanation of this fact.
2. Bicyclic polytopes
The bicyclic polytope Pn,p,q is defined as the 4-polytope which is the convex hull of the n
points
(cos(2pipk/n), sin(2pipk/n), cos(2piqk/n), sin(2piqk/n))
where 1 ≤ p ≤ n − 1 and 1 ≤ q ≤ n − 1 are fixed integers, and k = 1, 2, . . . , n. There is
no loss of generality in assuming p = 1 and gcd(n, q) = 1 or 2. (See [1, Section 2] where it is
asserted that these conditions are necessary for the polytope to be simplicial.) Following [1] we
write Bn,q for Pn,1,q and note that this polytope satisfies the following relations:
Bn,2 = Cn , and, if n is odd Bn,(n−1)/2 = Cn , where Cn is a cyclic polytope with n vertices.
If n is even, Bn,(n−2)/2 is the direct product of two (n/2)-gons.
If q = 1 then Bn,q is degenerate. Otherwise, for all n and q ,
Bn,q = Bn,n−q .
The isogonality of Bn,q implies that its polar (Bn,q)∗ is equifacetted. In order to introduce our
main result, it is necessary to introduce some symbols for the combinatorial types of 3-polytopes
that arise.
These are of two kinds:
(1) [t1, t2, . . . , ts〉, or 〈ts, ts−1, . . . , t1], and
(2) 〈t1, t2, . . . , ts〉.
Each can be reversed, front to back, without altering its meaning. The ti (i = 1 to s) denote
positive integers and, ts in (1), t1 and ts in (2) may also take the value 0. We begin by describing
the significance of these integers. For convenience this is done in metrical terms, but, of course,
it is only the combinatorial type of the graph of edges which is significant.
Consider an endless square prism (see Fig. 2(a)). The sequence . . . t1, t2, t3, . . . implies that
we first draw two sets of t1 lines (which may be conveniently taken as parallel and perpendicular
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to the axis of the prism) across two opposite faces of the prism. We then draw, in a similar way,
two sets of t2 lines across the other two faces of the prism. We then draw two sets of t3 lines
across the same two faces as those on which we drew the first sets of lines, and so on, alternating
between pairs of opposite faces.
Fig. 2(a) should make this construction clear.
We now have to close off the ends of the prism. This can be done in two ways denoted by
[ and 〈. If the symbol begins [t1, . . . then we draw two lines, which, together with the first line of
each of the two sets of t1 lines, forms a square, see Fig. 2(b). If the symbol begins 〈t1, . . . then
we draw a “roof” with gables sitting on the first line of each of the sets of t1 lines, see Fig. 2(c).
If t1 is 0 then the procedure is modified in the obvious way, see Fig. 2(d).
Since each of the graphs corresponding to symbols in this way is planar and 3-connected, it
follows from Steinitz’ Theorem [3, Chapter 13] that they are the edge-graphs of 3-polytopes, so
we may use them for the combinatorial types of 3-polytopes that arise. In Fig. 1(c) we give some
examples to illustrate this notation.
Each of the 3-polytopes in the above construction can also be described as a stack polytope,
but the metrical construction we have given seems simpler.
3. Facets of polar bicyclic 4-polytopes
The fundamental result is as follows:
Consider values of n and q such that 3 ≤ n, 2 ≤ q < n/2. Sometimes, but not always, we
shall write r0 for q . Perform a Euclidean algorithm on n and r0 = q:
n = r0d1 + r1, r0 = r1d2 + r2, r1 = r2d3 + r3, r2 = r3d4 + r4, etc.
The algorithm terminates with rk = gcd(n, r0) which, we know, takes the value 1 or 2. Thus, we
obtain the finite sequence of integers
n, r0, d1, r1, d2, r2, . . . , dk, rk, with rk = 1 or 2.
We call this the Euclidean sequence for (Bn,q)∗. This sequence determines the combinatorial
types of the facets of (Bn,q)∗ in the following way:
Conjecture. The combinatorial type of each facet of the polar bicyclic polytope (Bn,q)∗ is:
〈d1 − 2, r0 − 2〉 if r1 = 1,
〈d1 − 2, d2, r1 − 2〉 if r2 = 1,
〈d1 − 2, d2, d3, r2 − 2〉 if r3 = 1,
〈d1 − 2, d2, d3, d4, r3 − 2〉 if r4 = 1,
and so on, and
〈d1 − 2], if r0 = 2 (see note below),
〈d1 − 2, r0/2] if r1 = 2,
〈d1 − 2, d2, r1/2] if r2 = 2,
〈d1 − 2, d2, d3, r2/2] if r3 = 2,
〈d1 − 2, d2, d3, d4, r3/2] if r4 = 2,
and so on.
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Note. If r0 = q = 2, then we put d1 = n/2. Strictly speaking, d1 does not exist since the
sequence terminates at r0. The polyhedron 〈d1 − 2] is the (n − 2)-wedge.
Theorem. The above conjecture is correct, at least for 3 ≤ n ≤ 50 and the relevant values of
q(2 ≤ q < n/2).
The proof, which we cannot reproduce here, consists of verifying the conjecture for the stated
values of n and q (and very many more) by direct computation. Of course, a proof in general
terms would be very welcome.
We state the following corollaries on the assumption that the theorem is universally true, as
we believe it to be. Strictly speaking, we should repeat the above restrictions on n and q in every
case, but these we omit for the sake of brevity.
Corollary 1. Let vF , eF and fF be the numbers of vertices, edges and faces of each facet of
(Bn,q)∗, respectively. Then, writing
s = (d1 − 2)+ d2 + d3 + d4 + · · ·
for the sum of the integers that occur in the combinatorial symbol of the facet, we have
vF = 4s + 2(3− rk), 2eF = 3vF and 2 fF = vF + 4.
where rk = 1 or 2 is the gcd of n and q = r0.
The proof depends on a simple counting operation along with the fact that all the facets are
simple, that is, three edges meet at each vertex.
Corollary 2. Let vP be the number of vertices of (Bn,q)∗, and fP be the number of facets. Then
fP = n and vP = nvF/4.
The first statement is clear since Bn,p has n vertices, and the second follows from the fact that
(Bn,p)∗ is simple, that is, four edges meet at each vertex.
Corollary 3. If 2 ≤ q1 ≤ n/2 and 2 ≤ q2 ≤ n/2 are integers such that q1q2 = n ± 1, then the
facets of (Bn,q1)
∗ and (Bn,q2)∗ have the same combinatorial type.
Proof. If q1q2 = n − 1, the Euclidean sequences for (Bn,q1)∗ and (Bn,q2)∗ are
n, q2, q1, 1 and n, q2, q1, 1
respectively, leading to the symbols 〈q2 − 2, q1 − 2〉 and 〈q1 − 2, q2 − 2〉 for their facets, and so
both facets are of the same combinatorial type.
If q1q2 = n + 1, the Euclidean sequences for (Bn,q1)∗ and (Bn,q2)∗ are
n, q1, q2 − 1, q1 − 1, 1, 1 and n, q2, q1 − 1, q2 − 1, 1, 1
respectively, leading to the symbols 〈q2 − 3, 1, q1 − 3〉 and 〈q1 − 3, 1, q2 − 3〉 for their facets,
and so both facets are of the same combinatorial type. 
Corollary 4. If q = 2, the facet of (Bn,2)∗ is an (n − 2)-wedge.
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Proof. This case occurs when the polytope is cyclic. The Euclidean sequence for (Bn,2)∗ is
n, 2 (r0 = 0) if n is even, and
n, 2, (n − 1)/2, 1 = r1 if n is odd.
These lead to combinatorial symbols 〈(n − 4)/2] and 〈(n − 5)/2, 0] which represent (n − 2)-
wedges. 
Corollary 5. If n = 2m is even and q = m − 1 then the facets of (Bn,q)∗ are m-prisms.
Proof. If m is even, the Euclidean sequence for (B2m,m−1)∗ is
2m,m − 1, 2, 2, (m − 1)/2, 1 = r2
and the facet is of type 〈0, (m − 1)/2, 0〉. If m > 3 is odd, the Euclidean sequence is
2m,m − 1, 2, 2 = r1
and the facet is of type 〈0, (m − 1)/2]. Both symbols represent m-gonal prisms. Finally (B6,2)∗
is easily seen to be a 3-prism (as well as a 4-wedge). 
Corollaries 4 and 5 verify the assertions made in Section 2.
4. Concluding remarks
More equifacetted polytopes (whose symmetry groups are generated by reflections) are
described in the works of Coxeter [2], but apart from these, and the polar bicyclic 4-polytopes
described in this paper, very few equifacetted polytopes seem to be known.
In the above treatment we have only found the combinatorial types of the facets; metrical
conditions have been ignored, and in almost every case these are completely unknown. For
example, though right n-gonal prisms, based on regular n-gons, can occur as facets of isohedral
polytopes, many polyhedra of the same combinatorial type as n-gonal prisms cannot. It seems
extremely difficult to state general metrical conditions on polyhedra for them to be facets of
isohedral 4-polytopes.
Perhaps the main feature of interest is that both the number of facets of equifacetted 3-
polytopes, and the numbers of their 2-faces, edges and vertices, are unbounded. This contrasts
with the situation for convex 3-polytopal space-fillers which admit face-to-face tilings with tile-
transitive symmetry groups. It can be proved that the maximum number of 2-faces of such 3-
polytopes is 390, though none seems to be known with more than 38 2-faces. An example of
such a 3-polytope was discovered by P. Engel in 1980.
Let Q be an equifacetted 4-polytope. Then it is easy to see, using a Schlegel diagram of Q [3,
Section 3.3], that there exists a 3-polytope P (of the same combinatorial type as a facet of Q)
which can be dissected in a face-to-face manner into 3-polytopes of the same combinatorial type
as P . Here “face-to-face” means that every 2-face of each component 3-polytope is a 2-face of
another component of the dissection, or is a 2-face of P . In Fig. 3 we give two examples obtained
from polar bicyclic polytopes, namely the dissection of a pentagonal prism into nine pentagonal
prisms, and the dissection of a truncated tetrahedron into nine truncated tetrahedra. It seems
remarkable that, for example, the 3-polytope of Fig. 1(c)(vi) can be dissected in a face-to-face
manner into 59 3-polytopes of the same combinatorial type.
Another result for dissections follows from [5, Theorem 3] since this theorem clearly applies
to polar bicyclic polytopes. It asserts that a tetrahedron can be dissected (though not necessarily
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Fig. 3. Face-to-face dissections of (a) a pentagonal prism, and (b) a truncated 3-simplex, into 3-polytopes of the same
combinatorial type.
in a face-to-face manner) into 3-polytopes of the same combinatorial type as a facet of an
equifacetted 4-polytope Q. This dissection uses ( f − 4) 3-polytopes where f is the number
of facets of Q. In [5] it is shown how this dissection can then be used to construct a face-to-face
space-filling of 3-space using f − 4 isometric types of 3-polytopes, all of which are of the same
combinatorial type as a facet of Q.
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